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Fachbereich Physik, Universität Kassel, Heinrich–Plett–Str. 40, D-34132 Kassel, Germany

Received 29 November 2000

Abstract. In order to describe processes which are localized on a surface or inside the bulk of a solid,
molecular calculations of an inner cluster may be adequate as long as the effect of the outer environment
is taken into account via an embedding-method. Using a relativistic density functional method for the
self-consistent cluster calculation we have developed a new cluster-embedding scheme here. As an example
we have studied the adsorption of Al on an Al(100) surface and we get significant agreement with different
methods. This indicates that this embedding-method is reliable enough to simulate an unlimited solid.

PACS. 31.15.Ew Density-functional theory – 31.15.Ne Self-consistent-field methods – 68.43.-h
Chemisorption/physisorption: adsorbates on surfaces

1 Introduction

From a very general point of view a solid is nothing but
a big molecule. At first glance this seems to be a purely
academic statement. Due to the fact that several processes
like single atom/molecule adsorption or single impurities
are localized phenomena it becomes clear that a molecular
approach may be a good starting for a theoretical descrip-
tion. In such a cluster approach the surface or the inner
part of a solid is simulated by a small number of atoms.
If we include more and more atoms the description will
become more accurate. However, the calculation-time and
computer-memory request increases very fast with greater
systems. Therefore, very soon any real calculation reaches
its practical limits.

Thus, the question is: how large should the cluster be
chosen in order to describe the problem properly? In some
cases, depending on the system, convergence in bond en-
ergy or bond distance is achievable only with huge systems
[1,2] whose calculations are too complex. Therefore we
need approximations to calculate only a smaller part of the
whole system self-consistently (cluster) and to simulate
the auxiliary influences formed by the environment. One
way that is suitable for our calculations is the embedding–
method in which an inner cluster is calculated with the ex-
ternal potential of the environmental atoms. In literature
one can find different realizations. One of the most popu-
lar methods to study adsorption on metal surfaces using
an embedding cluster model was proposed by Whitten and
Pakkanen [3]. They made a calculation of a large cluster
and afterwards they used the obtained set of molecular
orbitals (MO) to construct the external potential.
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Based on this method Duarte and Salahub [4] added
some more features. Having performed the time-consu-
ming large cluster calculation they divide the system in
three parts. Then they generate the external potential us-
ing the MOs localized in the outer region which they get
by a method of Foster and Boys [5]. This minimizes the
overlap between the inner and the two outer parts. Again
this procedure is very time-consuming and limits its appli-
cation. In addition deficiencies of the method are corrected
by use of the experimental thermodynamic potential [6].

Another method was proposed by Song et al. [7]. They
also divide the whole system in several parts. From the in-
ner region the atomic potentials are “copied” (a procedure
that will be explained in section 3.2) onto the surround-
ing atoms. The remaining atoms are simulated by point
charges. Between the intermediate region and the point
charges they put a pseudo-potential that is fitted to the
bulk behaviour and guarantees charge conservation during
the copy process. However, in most cases this procedure
is only suitable to describe bulk properties.

But there are also methods that are based on a Green’s
function formalism. Fukunishi and Nakatsuji [8] use an
iterative procedure which is based on a restricted Hartree-
Fock (RHF) approximation [9] to perform the embedding
scheme.

Our first approach to simulate bulk and surface prop-
erties was to use full-relativistic cluster calculations and to
look for the convergence with increasing cluster size [10,
11]. Due to computer time and memory this procedure
very quickly reaches its practical limit. We therefore de-
veloped in this paper an embedding procedure which has
the advantage that we neither need any fit parameters nor
any full size calculations.
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2 Method

The relativistic self-consistent field method which we use
for our cluster calculations has been described several
times [12–15].

In Ref. [11] it has been shown that the adsorption of
CO on a Pt(111) surface leads to a convergence with al-
ready 15 to 20 Pt-atoms. But this statement is not valid
for many other systems.

The full quantum-mechanical treatment of systems
with more than 30 atoms is (almost) impossible in prac-
tise. For example, the calculation of one point of the po-
tential energy curve for the Al-Al73 system needs between
one and two weeks on a normal workstation. Therefore it
was necessary to develop new approximations that permit
the simulation of large systems.

We divide the whole system in a cluster part (cl) and
the environment (env) and therefore the density, that is
the important ingredient of the density functional method,
can according to [5] also be divided in two different parts.
In our case we use an expansion in atomic radial densities
(expanded in higher multipoles) to divide the density into
two parts

%̃(r) = %̃cl(r) + %̃env(r). (1)

%̃ is the approximative density created by the atomic ra-
dial densities. Because the cluster part is calculated self-
consistently we can replace %̃cl by the SCF-density %cl.
We assume that the inner cluster is large enough so that
the influence of the adsorbate on the environment can be
neglected. Then the action of the environment onto the
cluster can be treated as an external potential due to the
external charge density %̃env(r). This external potential
consists of three parts

V ext(r) = V Next(r) + V Cext(r) + V xcext(r). (2)

These three parts are the external Coulomb potentials of
the nuclei and the electrons and the exchange-correlation
potential. The exchange-correlation potential with differ-
ent functionals [16–19] is in general given by

V xcext(r) = V xc(%cl + %̃env)− V xc(%cl)− V xc(%̃env). (3)

For a neutral environment the nuclear and the electronic
Coulomb potential compensate each other at large dis-
tances. Therefore the effective Coulomb potential origi-
nates only from a region near the interface between clus-
ter and environment. The same fact holds true for the
exchange-correlation potential V xcext (3), because it is only
non-zero in the overlap region of %cl and %̃env.

The Kohn-Sham-equation [20] with the external po-
tential reads:(

t̂+ V Ncl (%cl) + V Ccl (%cl) + V xccl (%cl) + V ext
)
ψi = εiψi.

(4)

This equation is solved self-consistently with respect to

%cl =
M∑
i=1

niψ
+
i ψi, where i runs over all occupied cluster

electrons.
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Fig. 1. The system is divided in three parts that are han-
dled differently: cluster, transition-environment and exterior-
environment.

Using the solution of the KS-equations (4) the total
energy can be written

Etot =
M∑
i=1

niεi −
1
2

∫
V C%cl d3r −

∫
V xc%cl d3r +Exc

+
1
2

N∑
K=1

N∑
K′ 6=K

ZK′ ZK
|RK′ −RK |

· (5)

Compared to the expression of a free cluster the influence
of the environment is absorbed in the energy eigenvalues
εi and the eigenfunctions ψi and therefore the density %cl.

As a first assumption for the external density distri-
bution %̃env we used a superposition of free atomic den-
sities located at the sites of the environmental atoms (in
part 3 this is called neutral). A better approximation is
the usage of realistic atomic densities of a solid (later
SCF). Comparing to a homogeneous solid in a real surface
the atomic charge densities vary with the distance to the
surface. Therefore we calculated the whole system (clus-
ter+environment) without adsorbate self-consistently and
used the charges at the environmental sites as sources for
the external potential (2).

One technical problem for the implementation of this
embedding approach was the treatment of the region near
the interface between cluster and environment. The clus-
ter wavefunctions still have tailed that reaches into the
environmental region. Therefore the normal integration
scheme of the cluster-code had to be improved in this re-
gion, that we call transition-environment (Fig. 1).

3 Results and discussion

3.1 Cluster expansion without environment

To test the embedding scheme we calculated the adsorp-
tion energy and distance of an Al ad-atom on the four-fold
site of an Al(100) surface as a first example. For the Al
atoms we used a basis set of 1s–3p3/2 wave-functions that
were optimized with respect to the total energy of the
dimer Al2. Because of the large size of the cluster and
environment it was not possible to take additional wave-
functions into account. Moreover, the calculations with
small clusters showed that these additional functions be-
come less important when larger clusters are used. First
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Table 1. Calculations for two different xc-functionals without
any environment. To compare the values with the other groups
[21–23] one has to take the rLDA-results.

System Adsorp. energy [eV] Bond

distance

rLDA B88/P86 [a.u.]

Al–Al4.0.0 −1.9 −1.3 3.7

Al–Al16.0.0 −2.8 −2.3 4.0

Al–Al4.5.0 −2.7 −2.1 3.4

Al–Al12.5.0 −2.9 −2.1 3.2

Al–Al12.5.4 −2.4 −1.7 3.1

Kürpick [23] −2.90 3.21

Feibelman [22] −2.93 3.25

Stumpf, Scheffler [21] −3.77 3.21

we tested the convergence of the characteristic physical
quantities the adsorption energy and adsorption distance
to the surface without any cluster-embedding. The results
of these calculations are shown in Table 1.

We started with the system Al-Al4.0.0 (this means Al
adsorbs at an Al-cluster with 4 atoms in the first layer
and 0 atoms in the second and third layers) and increased
the system in lateral as well an in vertical direction. We
calculated the potential energy curves for the following
systems: Al-Al16.0.0, Al-Al4.5.0, Al-Al12.5.0, Al-Al12.5.4. For
all systems the Al–Al bond distance was set to the bulk
value of 2.863 Å.

Comparing the calculated values one can see that the
lateral expansion causes an increase in adsorption energy.
But for the larger system Al-Al12.5.0 the vertical expansion
shows the opposite effect. To give an explanation for this
effect one has to take into account that the additional
borders (that a cluster has compared to a surface) changes
the charge densities of the outermost atoms directly and
therefore the charge densities of the inner atoms (near the
adsorption site) indirectly.

For the bond distances the behaviour is different. In-
creasing the system changes the value for the bond dis-
tance only little if the system is larger than Al-Al4.5.0.
Comparing the results for the bond distances to those of
the other groups it seems that a two-layer cluster with
about 9 atoms is enough to get a good description.

Summarizing these calculations we get a good agree-
ment in adsorption distance for systems larger than Al-
Al4.5.0. But there was no convergence in adsorption en-
ergy with our cluster sizes. This is in correspondence to
Stumpf and Scheffler [21] who needed about 500 atoms to
get convergence. But comparing the energies for the cal-
culated systems whose numbers of atoms are similar to
those that Feibelman [22] and Kürpick [23] used there is
an agreement.

3.2 Embedded cluster expansion

The results of the calculations without environment
showed that the expansion of the cluster changed the ad-

Fig. 2. Model of the embedded system Al–Al12.5.4. The darkest
particles of the surface and the adsorbate form the cluster. The
middle-dark particles are the transition-environment and the
white atoms are the exterior environment.

Table 2. Calculations for the embedded systems (energies only
in rLDA-approximation).

System Env. Adsorp. Bond

occ. energy [eV] distance

rLDA [a.u.]

Al–Al4.0.0 neutral −2.0 >11

Al–Al4.0.0 SCF −1.5 8.2

Al–Al4.5.0 neutral −3.3 3.3

Al–Al4.5.0 SCF −3.9 3.4

Al–Al12.5.4 neutral −3.6 3.2

Al–Al12.5.4 SCF −4.0 3.3

Kürpick [23] −2.90 3.21

Feibelman [22] −2.93 3.25

Stumpf, Scheffler [21] −3.77 3.21

sorption energy but a convergence could not be achieved.
Therefore, full quantum-mechanically inner clusters of dif-
ferent size were embedded into the surrounding environ-
ment as shown in Fig. 1. A transition environment of one
atomic layer surrounding the cluster was used. The re-
maining atoms (about 130) were used for the exterior envi-
ronment. Again the internuclear distances were kept fixed
to the bulk value.

As explained before the embedding calculations were
performed with two different choices for the environmental
occupation. First, the adsorption was studied straightfor-
wardly by putting the densities of neutral Al-atoms at the
positions of the environmental atoms. For the inner clus-
ters we have chosen an Al4.0.0, Al4.5.0 and Al12.5.4 (Fig. 2)
cluster. The results of the calculations are summarized in
Table 2 (neutral).

If the inner cluster consists of only 4 atoms in the first
layer the bond distance of the ad-atom with more than
11 a.u. is far off any reasonable value, indicating, that the
cluster size is obviously too small. If a second layer is
taken into account (Al4.5.0), the situation is drastically im-
proved. An adsorption energy of 3.3 eV and an adsorption
distance of 3.3 a.u. is obtained. A further improvement is
achieved by enlarging the cluster to Al12.5.4. In particular,
the adsorption distance exhibits a good convergence and
is in good agreement with other theoretical values.
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After that we discuss the influence of modified envi-
ronmental occupation numbers for the generation of the
embedding potential. These occupation numbers were ob-
tained by a full self-consistent large cluster calculation of
a 73 atomic cluster without the adsorbate. In contrast to
the occupation numbers of neutral environmental atoms
used before one gets slight variations in the occupations
of the cluster and the environmental atoms and thus an-
other environmental embedding potential. With this SCF-
environment we recalculated the three systems. Even with
this modification it can be seen from Table 2 (SCF) that
an embedding of an Al4.0.0 cluster is still not sufficient. On
the other hand, using the modified embedding potential
for the other two clusters (Al4.5.0 and Al12.5.4), a change in
adsorption distance of about 0.1 a.u. and in the adsorption
energy of 0.6 eV and 0.4 eV, respectively, is obtained.

Comparing the results of the embedded cluster calcula-
tions with those without environment only minor changes
in the adsorption distance of the ad-atom are observed:
For the Al12.5.4 cluster without environment we get 3.1 a.u.
while with the neutral environment 3.2 a.u. The same be-
haviour can be observed for the Al4.5.0 cluster. On the
other hand, an embedded calculation leads to more sig-
nificant changes in the adsorption energies. For a neutral
environment occupation we get an adsorption energy of
3.3 eV and an adsorption distance of 3.3 Å. The distance
is in a suitable agreement with Stumpf and Scheffler’s cal-
culations, but there is a difference of 0.5 eV in energy. But
using the SCF-environment we get a better agreement.
For the largest embedded system (Al-Al12.5.4) the adsorp-
tion energy varies only little and the energy differs only
0.2–0.3 eV around the value of Stumpf and Scheffler.

Surprising was the increase of 0.8 eV in adsorption en-
ergy if the systems were embedded. It seems that only the
additional effects caused by the environment make the re-
sults comparable to those of Stumpf and Scheffler who
took large enough clusters so that they calculated with
converged cluster-sizes.

4 Conclusion

In this article a cluster embedding method was presented
and applied to the adsorption of a single ad-atom on an
Al(100) surface. Although we have focussed our develop-
ment on the low-Z element aluminium where relativistic
effects do not play such an important role for the chemical
bonding of the cluster, we conclude that the embedding
scheme works and gives reliable results. The aim here was
to make a first step towards a fully relativistic quantum
mechanical description of adsorption processes.

The results for the clusters without environment shows
that there is only little change in adsorption distance for
systems larger than Al-Al4.5.0. But for adsorption energy
the expansions in lateral and vertical directions have op-
posite effects. Compared to the values which Feibelman
and Kürpick have calculated there is a good agreement.
One reason for this may be due to the same cluster size of
about 20 atoms.

Because the convergence was not achieved with the
cluster expansion without environment, we embedded the
cluster into two different environment types. There we see
that we get suitable results even with the embedded sys-
tem Al-Al4.5.0. If we use the SCF-environment for this
system the results are in good agreement with those of
Stumpf and Scheffler. For the largest system Al-Al12.5.4

this is valid for both environment types. To sum up it can
be said that the embedding procedure proposed here is a
first step to describe bulk of surface effects in real space
full relativistically.

To improve this approach it is necessary to calculate
an external potential for the environment that fits best to
an unlimited surface. To get the corresponding occupation
numbers we plan to develop a copy-procedure. In it a clus-
ter with environment will be calculated self-consistently.
After each SCF-iteration the calculated occupation num-
bers of the inner cluster are transfered to the correspond-
ing atoms of the environment. After convergence we get
occupation numbers for the environment that will repre-
sent a surface.
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